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This work is devoted to the computational modeling of a lightning strike electric arc discharge
induced air plasma and the material response under the lightning strike impact. The simulation of
the lightning arc plasma has been performed with Finite element analysis in COMSOL
Multiphysics. The plasma is regarded as a continuous medium of a thermally and electrically
conductive fluid. The electrode mediums, namely the cathode and anode, have also been included
in the simulation in a unified manner, meaning that the plasma and electrode domains are simulated
concurrently in one numerical model. The aim is to predict the lightning current density, and the
heat flux impinged into the anode's material surface, as well as the lightning arc expansion and
pressure and velocity of the plasma flow. Our predictions have been validated by the existing
experimental data and other numerical predictions reported by former authors.
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INTRODUCTION
Motivation and novelty of this thesis
With the increasing use of the fiber-reinforced polymer matrix (FRP) composite materials
in the high-performance, lightweight structures, such as modern airplanes, wind turbine blades,
and boats, the lightning strike to these objects has become a real concern [1-4]. Lightning damage
to these structures can be hazardous, especially for airplanes, as it has proven through time, the
lightning strikes on airplanes can be even fatal. As an example, the Fairchild Metro 3 passenger
airplane crashed in 1988 after it got struck by lightning. It caused a major electrical system failure
that led to the loss of 19 passengers’ and two crew members’ lives [5]. The modern airplane design
is very effective at avoiding such tragedy that can be caused by lightning. However, the damage
of lightning to these modern airplanes cannot be avoided, and it usually causes severe delays and
costly maintenance jobs to replace the damaged part.
It is possible to study lightning in the lab using high power capacitors to deliver an electric
charge similar to that of lightning. The Mississippi state university High Voltage Lab is one
example of such facilities, in which CFRP composite panels are tested to observe the lightning
damage and study the possible ways to improve the composite material resistance to the lightning
strike. Through these tests, it is only possible to observe the macroscopic final or the aftermath
damage caused by the lightning strike charge. Hoverer, the multiscale cause of such lightning
damage can only be presumed and not fully understood. That is why the numerical simulation of
1

this study is necessary to understand the primary mechanism that can cause the observed lightning
damage, these mechanisms are referred to as the “Loading Conditions” of the lightning strike. The
loading conditions of the lightning strike to a composite panel are very difficult to accurately
predict through an experimental test in the laboratory. Loading conditions such as the electric
current density profile, heat flux, Joule heating, and temperature profile to the composite material,
due to the lightning strike, are primarily the most import and most difficult to accurately predict.
Many authors have attempted the lightning strike simulation, but most of them have used a simple
mathematical approximation of the lightning loading conditions on the finite element analysis
models of the composite materials. Other authors have attempted the lightning simulation, but the
loading conditions were predicted for a copper plate material instead of actual CFRP composite.
The present work here gives a clear representation of the lightning strike loading conditions on an
actual CFRP composite material. In addition to that, parametric studies of the different anode
materials, different inter-electrode distance have also been studied to understand the effect of
changing the test setup on the profile of the current density and heat flux on the surface of the
struck material. The presented loading conditions herein can, later on, be used in a finite element
analysis code to simulate the actual physical damage to the composite panel.
Background
During a lightning strike, the impulse current can rise to 30 ~ 200 kA with a duration of
several microseconds and the continuing electrical current can reach 200 ~ 800 A with a period of
0.25 ~ 1 second (Fig. 1 (a)) [1]. This high current can heat the air to a temperature of up to 30000
K [2], when it contacts with objects, the high temperature and electrical current quickly heat up
and evaporate low conductive materials, such as resin and plastics. Given these points, the
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lightning can be a significant threat to many nonmetallic structures, such as modern airplanes,
wind turbine blades, boats, and other lightweight outdoor fiber-reinforced composites structures.
For example, a significant portion of the modern aircraft is manufactured of fiberreinforced polymer matrix composites; mainly glass fiber reinforced polymer matrix (GFRP)
composites and carbon fiber reinforced polymer matrix (CFRP) composites [1, 3-6]. These
materials are usually more prone to lightning strike damage than their metallic alloys counterparts
used in the aerospace industry [6]. For that, these composite materials have to be designed to
withstand the high electric current and heat intensity effects.
Material improvements can be made by tweaking some of the properties to withstand the
lightning strike impact, such as the resistivity and the thermal conductivity. Decreasing the
resistivity of CFRP [7], for example, can significantly help dissipate the intense electrical current
density on the attached material, reducing the Joule heating and the magnetic forces that may cause
composite laminate delamination. Usually, a copper mesh is added to the surface of the top layer
of the CFRP material to increase its electrical conductivity. Other protection techniques from
lightning strike damage are usually added. An example of lightning receptors, which are just
metallic plates put on the airplane’s tail surfaces and wind turbines blades. These receptors work
by attracting the lightning arc away from the composite materials and safely conduct the lightning
current through internal down conductors. This method proved to be effective at reducing the
number of hits to the composite surface. Still, for a significant lightning bolt, the electric field can
get high enough to break the dielectric strength of the materials causing the arc, in some cases, to
skip the receptor and strike directly on the electrically low conductive material [3]. In that case,
only a sounder material design (e.g., CFRP composites with conductive resin) reduces lightning
damage.
3

Figure 1

(a) lightning waveforms from A to D, with their peak current and duration [3]. (b)
Shows the lightning damage to carbon fiber laminate panel done by a waveform A
in a high voltage lab at Mississippi State University.

The lightning damage to the CFRP and GFRP composites is usually visible and can be
described as pinholes or punctures in the composite structure. However, in some cases, the
lightning damage to the composite material, such as the delamination of internal laminate layers,
can be invisible and may look like just paint peeling on the surface [8]. Examples of lightning
strike damage on CFRP composites are shown in Fig. 1(b), which shows a lightning strike damage
on a woven CFRP composite sample after it got struck by an impulse lightning strike with a peak
current of 97 kA.
The numerical modeling of the lightning strike can be intricate, particularly for waveforms
A, B, and D (see Fig. 1(a)), because of their electrical current peaks. The spike of the electric
current in such a small duration of time requires the use of a small timing increment; thus, a “finer”
mesh element size must be used to sustain the stability of the heat equation [9]. The complexity of
the simulation also transpires on the number of equations that must be solved for the arc column.
For instance, the most widely used approach for this simulation is the magneto-hydrodynamic
(MHD) framework [10-12], which requires to solve a combination of heat transfer and Navierstokes equations along with Maxell's equations for the electromagnetism. This combination of the
4

highly nonlinear equations can be tricky to solve in one fully coupled model. An iterative approach
can be used for the modeling, by solving each equation at a time. Segregated solvers are widely
available in commercial codes and can ease the solving process of the MHD system. The MHD,
with its complexity, is still an efficient way to model the electric arc discharge. Without this
approach, we will have to model all the ionized particles and their collision with each other as well
as to calculate each particle's energy resulted from the collision and its temperature. That will
require an unprecedented amount of computational resources.
Modeling of the electric arc using the MHD approach demands the use of the assumption
of plasma in LTE condition [9, 13-28], which proposes that, in the bulk of the plasma, the
temperature of the electrons is equal to that of the heavier particles (positive and negative ions).
This assumption significantly facilitates the calculation of material transport properties — namely,
mass density, viscosity, heat capacity, thermal conductivity, and electrical conductivity. Under the
LTE assumption, plasma transport properties can be calculated as a function of temperature [29,
30]. The calculation is done using Boltzmann equations approximated with the Chapman-Enskog
approach. The resulting particles' distribution functions are then expanded using the Sonine
polynomials [10, 23, 29, 30]. The assumption gives acceptable accuracy for the temperature of up
to 30,000 K. However, some authors have extended the calculation to 100,000 K [31].
Unlike the arc column, which is considered as a thermal plasma in LTE condition, regions
near cathode and anode cannot be regarded in LTE state (see Fig. 2). Care must be taken to model
the neighboring non-LTE (NLTE) electrode regions, particularly in the case where the description
of the heat flux and current density must accurately be realized. Many models have been developed
to take into account the NLTE condition near the cathode and anode regions.

5

Figure 2

Illustration of the thermal plasma modeling conditions.

The measurements of the NLTE sheath layers are all in millimeters

However, some of them modeled the cathode and plasma separately, whereas others
modeled the cathode and plasma concurrently. For example, Benilov et al. [14, 32], suggested to
model the cathode region separately, granted that it has been observed that the electric potential
drop on the near-cathode NLTE layer is approximately the same at all cathode surface points. The
separate modeling of the cathode given by Benilov et al. gives us the temperature, electric
potential, and current density distributions at the surface of the cathode. The plasma and anode
regions can then be modeled separately. For the unified models, authors suggested the use of a
fixed temperature boundary at the cathode and anode. An example of the Hsu et al. model [20] in
which a 3000 K temperature boundary was imposed at the surface of a theoretical tungsten cathode,
and another fixed value at the anode surface taken from experimental measurements. Chemartin
6

et al. [17] replicated the free-burning argon arc model from the Hsu setup and imposed a 1000 K
temperature value at the anode surface and 3500 K at the cathode one. More accurate models use
the “Two-temperature” approach [33, 34], one for the electrons, and other for the heavy particles.
In the bulk of the plasma, the condition is that the temperature of the heavy particles is equal to
that of the electrons, whereas, in the neighboring cathode regions, heavy particle temperature is
lower than the electrons' one. The Two-temperature models are generally complicated to
implement in a practical lightning simulation model since it requires to solve additional particle
transport equations. Tanaka [35] proposed an accurate and easy-to-use model, which consists of a
1D model to calculate the heat flux between the plasma column, cathode, and anode. These heat
fluxes can be applied to regulate the temperature so that the NLTE condition can be approximated.
The Tanaka model also suggests the use of relatively "coarser" mesh elements near the electrode
regions to smooth the temperature drop and electrical conductivity at those regions [24].
The used model herein, follow a more straightforward yet practical approach, to take into
consideration the NLTE discontinuities at both the cathode and the anode sheath layers. This model
is suggested by many authors [9, 21, 27]. In addition to the heat fluxes proposed by Tanaka, the
approach comprises the use of a small region of the plasma domain attached to the anode and
cathode surfaces, with a thickness of 0.1 mm (approximately the same as the NLTE layer
thickness). The region will have all the material/transport properties of the plasma except for the
electrical conductivity that is equal to that of the electrode attached to it. Refs [22, 36] initially
suggested this approach for the anode surface only. However, Traidia et al. [27] have extended its
use to the cathode region as well.
By removing the fixed temperature boundary condition at the cathode, the air electrical
conductivity becomes that of the room temperature, which is approximately 1×10-14 S/m, as it has
7

been measured by Kamsali [37]. As a result, the simulation can be challenging to start from a room
temperature initial condition. Abdelal et al. [9] suggested the use of a 1D model to take into account
the cold field emission of electrons from the cathode to the anode, boosting the air conductivity.
For a waveform C simulation in this work, an initial condition of temperature approximately
similar to that of the one resulted from simulating the waveform B was added. This initial
temperature condition took care of the near-zero electrical conductivity of air at room temperature.
The lightning arc simulation is based on the model of the free-burning argon arc. The model
consists of a tungsten cathode, a plasma domain with air transport properties instead of argon, and
an anode containing material properties of the different studied materials (including CFRP
composites). The electric current is taken to be 400 A, representing a typical electric current for
the waveform C. The duration of the simulation is 0.5 s, which is enough to get the electrical
charge of 200 C delivered during the waveform C lightning strike [38]. Refs [17, 39, 40] have
studied models of the lightning arc waveform C. Their results show that for a 3D long arc model,
the MHD method can simulate the chaotic behavior of the arc channel accurately (see Fig. 3). The
magnetic field force on the fluid can push the arc from different spots. This force keeps pushing
into the arc column to the point where it creates a loop. The current density then passes directly
from the two edges of the circle, and the process is then repeated. Simulations performed by Refs.
[17, 39, 40] proved that the MHD numerical approach could study the lightning strike phenomena
using traditional computational fluid dynamic schemes and an isotropic fluid domain. Additional
influences, such as the material evaporation can also be calculated depending on the temperature
of the electrode, and material properties of the plasma domain (argon or air) can be manipulated
according to the amount of metal vapor introduced to the plasma [39]. Models presented in Refs.
[18, 38, 39], for the lightning simulation, was performed on the lightning constant current of
8

waveform C, particularly 400 A and 200 A direct current (DC). Many authors attempted to model
impulse waveforms of the lightning current: Abdelal and Murphy [9] simulated waveform B with
a pulsed electrical current of around 11 kA for a duration of 1 ms.
The results reported from simulating waveform B shows that the arc temperature and
magnetic field produced a flow velocity of around 2000 m/s creating a pressure shock on the
composite that is approximated to be 0.1 MPa [9]. The pressure force, however, is still too small
to cause any mechanical effect on the surface of the material. The temperature resulted from the
simulation of waveform B also has a minimum impact since it stayed at the range of 300K. The
cause of such low anode temperature values could have resulted from the time duration of the
waveform B being only 1 ms, which is insignificant for the heat flux to cause any material heating.
The expected results from simulating waveform C is to get significant material heating due to the
more substantial time duration of the waveform (i.e., around 0.5 s). On the contrary, the pressure
is expected to be lower than the one recorded from simulating waveform B, due to the lack of
induced current from a time-varying magnetic field.

9

(t0)

Figure 3

(t1)

(t2)

(t3)

Lightning chaotic behavior mechanism, the magnetic field is in the out of plane
direction, while the electric current is illustrated with arrows, the figure explains the
lightning arc phenomena described by Chemartín et al [39].

The red arrows (Magnetic Flux Density) is usually in the negative Phi-direction of the cylindrical
coordinates attached to the finite volume of the electric arc. The electric current density in the
solid black arrow is in the negative z-direction of the same coordinates.

Table 1

Abbreviations and Acronyms

CFRP

Carbon fiber reinforced polymer matrix

CPU

Central processing unit

DC

Direct current

FEA

Finite element analysis

FEM

Finite element method

GFRP

Glass fiber reinforced polymer matrix

LTE

Local thermodynamic equilibrium

MHD

Magneto-hydrodynamics

MUMPS

MUltifrontal Massively Parallel Sparse direct Solver

NLTE

Non-local thermodynamic equilibrium

RANS

Reynolds-averaged Navier–Stokes
10

THEORY OF THE MAGNETO-HYDRODYNAMIC MODELING
The mathematical equations for the model are documented in COMSOL user’s guide
[41]. Here, we only provide a brief overview.
Electric potential and current density equations
The electric current density and hence the electric potential can be solved using the current
conservation equation,
  J = QJ ,V ,

(1)

where J is the current density vector, and QJ ,V is the rate of change of the electric current charge
density with time, for direct current (DC) arc, QJ ,V = 0 . The electric field E can be solved from
the equation,
J =E+

D
+ J e1 ,
t

(2)

where J e1 is the externally generated current density, in our case, it is the induced current from
the magnetic field. The induced current density is only effective if we were simulating a timevarying current. Since the current of waveform C is constant with time, the magnetic vector
potential will also be constant with time. Thus, the induced current in our case can be neglected.
The electric displacement is written as,
D =  0 r E,

11

(3)

where D, is the electric displacement or electric flux density, E is the electric field, and the electric
potential is calculated using the equation,
E = −V .

(4)

Magnetic field equations
The magnetic field is solved from the modified Maxwell’s equations,
 H = J,

(5)

B =  A,

(6)

J =  E +  v  B + Je2 ,

(7)

E=−

A
,
t

(8)

where H , B , v , and A are the magnetic field intensity, magnetic flux density, conductor’s
velocity, and magnetic potential, respectively, J e2 is the externally generated electric current
density and Je2 = −V .

Heat transfer energy equations
The heat equation is coupled with the electric current equations, written as,
C p

T
+  C p u T =   ( kT ) + Q,
t

(9)

C
where  , p , and u are the gas density, specific heat capacity, and velocity vector,

respectively. Q is the volumetric heat source which includes the enthalpic transport, Joule heating,
and radiation loss, and expressed as
12

Q=

  5k BT 

 ( T  J ) + E  J − 4 N ,
T  2e 

(10)

where  N is the net-emission coefficient of the gas, which was interpolated from the
literature data for air [42] and for argon [43], k B is the Boltzmann constant, and e is the electron
charge.
Fluid flow equations
The fluid flow is modeled as a laminar flow. The first main equation for flow modeling is
the continuity equation,

+   (  u ) = 0,
t

(11)

which represents the conservation of mass. The second equation is the conservation of
momentum equation and written as,


u
+  ( u  ) u =    − PI +   + F,
t

(12)

where F is the volume force volumetric force. In our case, it is the Lorentz force and
expressed as,
F = J  B.

 in Eq. (12) is the viscous stress tensor and  = 2S −

(

)

tensor written and S = 1 u + ( u )T .
2

13

(13)
2
 (   u ) I , with
3

S

being the strain-rate

MODELING OF THE FREE-BURNING HIGH-INTENSITY ARGON ARC
Model setup
Before the modeling of the lightning arc, a study of the free-burning high-intensity argon
arc is performed. The reason for this study is to validate the modeling physics and geometric
configuration since the free-burning high-intensity argon arc is well-studied by numerous
experiments and simulations. This study is based on the model proposed by Tanaka et al. [25], and
it includes a 3.2 mm diameter 60 degrees conic cathode made of pure tungsten, a plasma domain
of argon, and an anode region with copper material properties. The argon region has the transport
properties of argon plasma calculated by Boulos et al. [30]. The anode is considered water cooled
to 300 K. the inter-electrode distance (also known as the arc gap), which is the distance from the
cathode tip to the anode surface line, is simulated for 5 and 10 mm. In the model geometry
illustrated in Fig. 4, the boundaries of the plasma domain were chosen to be 30 mm wide. The
bigger geometry allows us to add a 300 K room temperature boundary condition at the outer model
boundaries, compared to the 15 mm wide domain used by Hsu et al. and Chemartin et al. [17]
which requires the use of a 1000 K temperature boundary. The model also contains the NLTE
region of a 0.1 mm wide adjacent to both the cathode inclined tip and anode regions. The electric
current is applied at the cathode root area. The magnetic field equations are solved in the plasma
region as well as the electrodes. The output of magnetic field equations is magnetic flux density
and is applied at the fluid flow equation as a volumetric force known by the Lorentz force Eq. (13).
14

The velocity field and absolute pressure solved from the Navier-Stokes equation of laminar flow
are supplied from the fluid flow equations to the heat equation at the plasma domain. The heat
equation is solved at the electrode as well to simulate the heat transfer to the anode materials as
well as the cathode. The volumetric radiation loss at the plasma is simulated using a net-emission
coefficient of the argon thermal plasma. The net emission coefficient calculated by Menart et al.
[43] is used under the assumption of an optically thin plasma. The net-emission coefficient was
calculated by assuming a constant plasma radius of 1 mm [43].

Figure 4

Free-burning high-intensity argon arc model geometry and dimensions

All the measurements in the figure are in millimeter. The NLTE region is included in the figure
as a thin rectangle of 0.1 mm at the anode surface cross-section line and as a rhombus shape the
inclined cathode tip. The dimension of the figure is true to scale, hence, the 0.1mm regions are
invisible.
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Radiation loss at the anode as well as the cathode surfaces is also included as boundary
heat sources. The additional heat sources suggested by Tanaka et al. [25] are applied at the
electrode boundaries. The heat sources presented are as follows:
The heat source at the anode is,
qanode  n − q pl  n = J  n a −  a BT 4 ,

(14)

where  a , a , and  B are the emissivity, anode work function, and Stefan-Boltzmann’s
constant, respectively. The cathode surface heat source is modeled by the equation,
qcathode  n − q pl  n = J iVi − J ec −  c BT 4 ,

(15)

where c and  c are cathode work function and emissivity respectively, J i and J e are the
ion and electron currents, respectively, and are expressed as,
 ee
J r = ArT 2 exp  −
 K BT


Jr
Je = 

 J n

if
if


,


( J  n − J )  0,
( J  n − J )  0,
r

(16)

(17)

r

Ji = J  n − J e ,

(18)

where J r , Ar and are the Richardson’s current density and constant, respectively. The
boundary conditions of the model are summarized in Table 2.
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Table 2

Boundary conditions for the free-burning high-intensity argon arc.

Temperature

ab
𝑇
= 300 𝐾

bc
𝑇
= 300 𝐾
𝑃𝐴 = 𝑃0

cd
𝑇
= 300 𝐾
𝑃𝐴 = 𝑃0

de
𝑇
= 300 𝐾

𝐉∙𝐧
= −𝐽𝑖𝑛

𝐧∙𝐉=0

𝐧∙𝐉=0

𝑉=𝟎

𝑉=𝟎

𝐧∙𝐀
=0

𝐧∙𝐀
=0

𝐧∙𝐀
=0

𝐧∙𝐀
=0

𝐧∙𝐀
=0

Velocity &
pressure
Electrical
current and
potential
Magnetic vector
potential

ef
𝑇
= 300 𝐾

dg
(14)

bh
(15)

𝑢=0
𝑣=0

𝑢=0
𝑣=0

af
𝜕𝐪
=0
𝜕𝑟
𝜕(𝑢, 𝑣, 𝑃)
𝜕𝑟
=0
𝜕(𝐉, 𝑉)
=0
𝜕𝑟
𝜕𝐀
=0
𝜕𝑟

The Boundary (af) is a symmetric boundary condition in which the gradient of q, u, v, P, J, V,
and A over the r-direction of the geometry is null.
The assumptions for the modeling can be summarized as follows.
•

Stationary arc, therefore, the symmetry along the axial coordinate of the arc is valid.

•

Incompressible and laminar plasma flow.

•

LTE condition is met, and the plasma is considered to be a fluid domain
The Finite-element Multiphysics modeling
COMSOL Multiphysics software was used for the modeling, it is based on the FEM

discretization. The model set-up in the software requires the use of 4 “physics” or interfaces: 1—
electric current (ec) interface, which solves the current continuity equation (1) along with Eqs. (2)
-(4) to get the electric current, electric potential, and the electric field. The (ec) interface is solved
in the cathode, plasma, and anode regions. 2— magnetic field (mf) interface, which solves the
Maxwell’s equations for electromagnetism Eqs. (5) -(8) for the magnetic vector potential,
magnetic flux density, and magnetic field intensity. The (mf) interface is solved in the cathode,
plasma, and anode regions. 3— heat transfer (ht) interface, which solves the heat transfer equation
Eq. (9) along with the heat source terms. The heat equation is solved in the plasma region as well
as the electrodes’ regions with the velocity field, absolute pressure and the plasma heat sources (in
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Eq. (10)) are set to zero, this can be done by adding “Solid” interface inside the “ht” interface only
in the electrodes’ regions. Lastly 4— laminar flow (spf) interface, which solves the Navier-Stokes
equation with the continuity equation Eqs. (11) and (12). The laminar flow is only solved in the
plasma region.
The coupling between the physics can either be done using additional “Multiphysics”
coupling interfaces. The so-called “equilibrium discharge heat source” is used to add the plasma
heat sources of Eq. (10), which adds the Joule, and enthalpy heating along with subtracting the
volumetric radiation heat source. The “static current density component” is used to couple the
electric current to the magnetic field, by adding a current density source to the magnetic field
equations. The laminar flow (spf) interface can be coupled to heat transfer (ht) interface by adding
a “flow coupling” Multiphysics, which adds the velocity field and absolute pressure to the heat
equation. “Temperature coupling” can be used to couple the “heat transfer” with all other interfaces
by adding the temperature T solved from the heat equation Eq. (9). It should be noted that the
coupling can also be done manually by putting all the necessary parameters on the “parameters”
model builder interface. Heat sources in Eq. (10), (14), and (15) and current densities Eqs. (17) (18) along with the Lorentz force Eq. (13) and magnetic current source can all be added in the
global and local variables.
Equally important, the flow is considered incompressible, as stated in Section III. A.
However, care must be taken in the (spf) interface. If the incompressible flow option were chosen
the density will not be considered as a temperature-dependent variable, thus will not be updated
with the temperature, this can lead to low-velocity magnitude for the electric arc (COMSOL
version 5.2a and up). It will also lead to low-temperature values. The weakly compressible flow
option can solve this problem or, adding an interpolation function of temperature-dependent
18

density as a user-defined entity. Similarly, for the magnetic field interface, the option of an out-ofplane vector potential will not solve the 3-dimensional (3D) magnetic vector potential. Since we
are simulating a 2-dimensional (2D) axisymmetric model and the magnetic flux density should be
in the phi direction, thus a 3D vector potential option is the way to get the model to work.
The material properties for the simulation are linearly interpolated as a function of
temperature. The interpolation can be done by adding tables of two-column, each for temperature
and the material properties. For the CFRP composites, the material properties are anisotropic.
Therefore, the directional material properties are added as a tensor of three components, including
the longitudinal, through-the-thickness, and transverse components.
Mesh configuration for the model
The mesh used in the modeling consists mostly of triangular shapes, with 13388 triangles
and 580 quadrilateral elements. The minimum element size located at the cathode tip is around
0.0245 mm. The maximum element size is located at the open boundary of the plasma and anode
outer boundaries (near corners (c) and (e), see Fig. 4), and is around 1 mm. Quadratic elements are
included in the meshing, explicitly as a boundary layer at the anode-plasma, and cathode-plasma
surfaces. The reason for that is to better discretize the NLTE region and for a better representation
of the fluid flow boundary layer at the walls, because of the no-slip condition at the walls (see
Table 2 for the boundary condition of the model).
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Figure 5

Typical mesh used in the modeling of the free-burning high-intensity argon arc

It is important to note that the meshing of the anode-plasma and cathode-plasma NLTE
region was not done, as suggested by Tanaka et al. [24]. Because the condition of the NLTE will
be met using the modeled region of 0.1 mm explained before, and the mesh inside this region does
not necessarily have to follow the LTE diffusion coefficient length suggested by Tanaka to get an
accurate representation of the temperature and electric potential drop area.
The mesh of the NLTE region is illustrated in Fig. 5.
Results and model validation

The MHD model et al. for the electrical potential V, temperature T, magnetic vector potential A,
and fluid flow velocity U and pressure P. Time-dependent study was performed, and the model
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was solved for a duration of 5 s. A fully coupled, direct MUltifrontal Massively Parallel sparse
direct Solver (MUMPS) was used for the calculation. The model was solved on 6 CPUs with a
clock speed of 3.7 GHz and 64 GB of 1660 MHz memory. The computational time was 3 h 2
min 44 s.
The important values such as the plasma, anode, cathode temperatures, anode electrical current
density, and heat flux are validated by comparing them with the experimental data and other
simulations. Figures 6 and 7 are 2D plots of the temperature, velocity, pressure, and magnetic
field values of the model, while the model comparison and validation are given in comparison
plots of Figs. 8-11
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Figure 6

Temperature distribution in plasma (in argon), cathode, and anode regions at t=5 s.

The left color legend is for the plasma temperature, the middle legend is for the cathode
temperate, and the right one is for the anode temperature.
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(a)

Figure 7

(b)

(c)

(a) Velocity magnitude and direction. (b) Pressure contour. (c) Magnetic flux
density magnitude at t=5 s.

The solid black arrows in the contour (a) is an illustration of the flow velocity magnitude and
direction. The bigger the arrow the higher the velocity magnitude.
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Figure 8

Temperature predicted in our model compared to the experimental data measured
by Hsu et al [20] at t=5 s

The Temperature measurement at the exact 10 mm is not available from the Hsu experiment.
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Arc axial velocity compared to the experimental data reported by Hsu et al [20] (b)
at t=5 s.

The result of the plasma temperature is in good agreement with the experimental data
reported by Hsu et al. [21]. The peak temperature is about 23800 K near the cathode surface. The
similar temperature value is predicted by the simulation of Trelles et al. [44]. In the anode domain,
however, the temperature only reaches a value of 560 K. which means that the copper anode
doesn’t melt. Similar results have been reported by Lisnyak [23] for a thinner water cooler anode
(4 mm) in which the temperature only goes to 360 K. The velocity magnitude reported in our
model is around 286 m/s near the cathode tip. As the plasma flow moves down, the velocity
magnitude drops to around 20 m/s near the anode surface (directly above the NLTE sheath layer).
The magnetic flux density, rises to a value of 60×10-3 T at the cathode surface, along with the
current density J, magnetic flux density creates a volumetric force magnitude of around 5.72×106
N/m3 at the cathode tip. In addition to that, the high temperature causes the fluid to becomes rather
thin (density of 9×10-3 kg/ (m3)) leading to a very high-velocity magnitude at the hot regions of
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the plasma especially regions near the cathode tip. However, the thin argon does not have enough
momentum to sustain a high velocity for long. As the flow begins to move away from the
electrically heated regions, it cools down from the radiation and convection losses resulting in a
higher mass density and thus lowers flow velocity.
The cathode tip area and angle of inclination can undoubtedly determine the temperature
of the plasma and flow velocity by changing the electric current density concentration. Hsu et al.
used an exponential function of the current density value at the cathode tip measured from
experimental data of a conic cathode with a 60º angle of inclination [20]. The cathode tip in real
life usually contains a small flat tip induced by the temperature effects, such as the melting and
corrosion. Therefore, small uncertainties in temperature can be accepted given these the small
imperfections in the cathode tip geometries.
For the velocity, there are no consistent available experimental data to validate our results.
Hsu et al. [21] and Peiyuan Zhu et al. [44] used a rectangular finite volume mesh with the inclined
near cathode regions represented with staircase shaped mesh [23] compared to the finite element
triangular mesh used in our model, modest differences in velocity are predicted. Besides, the
simulation study done by Ref. [45] shows that for the same 60º conical cathode tip and an electrical
current of 200 A, the velocity can reach a value of 500 m/s for an argon arc. However, in other
experimental studies, the flow velocity was observed to be only 1 m/s [45]. This lack of consistent
experimental data makes us accept that the velocity of plasma cannot be an essential aspect of
these studies.
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Figure 10

Anode surface heat flux predicted from our model for 200 A electric current, 10mm
arc gap Compared with experimental measurements from Nestor’s experiment [46].

Nestor experiment graphs are shows the heat flux and current density prections at the anode
surface for radial distance of only up to 10 mm.
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Figure 11

Anode current density predicted by our model for 200 A current and 10 mm arc
gap. Compared with the simulation data reported by Lago et al. [22] for a similar 10
mm and 200 A model.
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The heat flux impinged upon the anode surface (water-cooled anode to 300 K), is predicted
to be in the range of 2.3×107 W/m2 (see Fig. 10). The prediction of the heat flux is compared to
the experimental data reported by the Nestor experiment [46] for a 12.7 mm inter-electrode arc
gap. The comparison shows that our prediction is in good accordance with the experimental data.
The difference of 2.7 mm in the inter-electrode arc gap will lead to some changes in the heat
intensity. However, the order of magnitude will not be changed for such small variance in the
distance.
From the arc simulation, especially for the stationary argon arc, the heat flux is sensitive to
the anode cooling boundary condition. For instance, a water-cooled anode will give different heat
flux to an air-cooled anode through free convection and thermal contact. A similar observation has
been reported by Ref. [44] in which different anode cooling methods have been studied and the
effects in the plasma temperature, anodic electric potential drop, and the arc attachment have been
observed. The temperature of the plasma slightly increases if a convection heat flux approximately
like the air cooling is used [28]. The anode temperature, however, increases considerably.
The current density is predicted to be around 6.5×106 A/m2. Lago et al. [22] have predicted
a similar current density distribution. The current density comparison (see Fig. 11) shows that the
radial distance in which the current density drops to near zero value is around the same to that of
the heat flux (see Fig. 10). This distance is the value in which the hot and highly conductive part
of arc plasma is in contact with the anode surface.
The NLTE region, in the current simulation, is critical to get the correct values reported
here. Without this region, the arc attachment to the anode surface gets too wide, resulting in a
significant drop in the current density and heat flux. Tanaka’s heat fluxes alone were not enough
to give a good representation of the NLTE region (hot plasma gets too close to the anode surface).
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In other models [24, 47], it was suggested to use relatively coarser mesh elements to solve the
issue of arc attachment. However, in the case of the presented model, the method did not work too
well. The suspected cause was the FEM discretization makes the temperature drop less smooth in
the NLTE area. Furthermore, the suggested 0.4 mm mesh element would not allow the use of a
boundary layer at the anode surface to get better wall-flow velocity. Therefore, the modeling of
the separate ohmic NLTE region, was the key to get good arc attachment results, when using the
Tanka’s heat fluxes.
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MODELING OF THE LIGHTNING ARC OF WAVEFORM C, PART I: PARAMETRIC
STUDY
Model setup and boundary conditions
After the model is validated, the next step is the modeling of lightning waveform C. This
part will follow the same methodology that is based on the unified modeling of the free-burning
argon arc benchmark. The difference herein is that the material properties of argon are replaced
with the ones of the air. Additionally, the anode region is slightly made bigger to account for the
higher electric current presented. The computational domain is set to 25 mm wide and 25 mm high,
with a 4 mm radius anode made of copper, aluminum, steel, and CFRP composites. The electric
current density is applied at the inlet area of the cathode (see Fig. 12), as a normal current density
boundary condition. The electric current is set to be a constant of 400 A. The bottom surface of
the anode is grounded.
Moreover, the electric potential at the other boundaries is not restricted. Thus, it is solved
for as an unknown, including the electric potential at the inlet area of the cathode. Magnetic field
equations are solved for only on the plasma region because it has been concluded from the argon
arc study that for a constant electrical current, the magnetically induced current does not have a
significant impact on the overall current. For this reason, solving the magnetic field on the
electrodes will not affect the magnetic vector potential and magnetic flux density at the plasma
region. Hence, the minimum velocity change is reported from including the magnetic equation in
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the electrode regions. The thermodynamic and transport coefficients of the air are also taken from
the Book of Thermal plasmas by Boulos [30] for a temperature range from 500 K to 24000 K.
However, the temperature of the plasma can go beyond that range for a 400 A electrical current.
Therefore, the material properties beyond 24000 K are taken from Capitelli et al. [29].
The model geometry and boundary conditions are illustrated in Fig. 12 and Table 3,
respectively, and it consists of an open boundary of zero pressure at the (bc) and (cd) boundaries.
A constant room temperature boundary condition for the heat energy equation at the edges of the
model (ac), (ce), and (ef). An insulation boundary condition for the electrical current equations at
the boundaries (bc) and (cd). For the magnetic field, all the boundaries surrounding the plasma
region are considered magnetically insulated.
It is important to note that in this study, the cathode region is not our priority for accurately
representing its numerical results. It is solely modeled to give good current density profile passed
to the plasma region. For that, the cathode has been completely removed for the study of the
electric arc strike on the CFRP composite. The cathode modeled only on the first part with copper,
steel, aluminum anode materials. The reason is that for metallic anode with isotropic materials, the
computational load demanded is reasonably low. In that case, it is possible to include the heat,
electrical current equation in the tungsten cathode domain. But for the CFRP composite study, the
multiple layer laminate modeling demanded a considerable amount of mesh nodes, resulting in a
significant increase in the computational time. Hence, the current profile similar to that of the one
used by Hsu et al. has been adapted and used here [20].
For all the studied models with tungsten, the material properties are Tungsten (solid, Ho et
al.) (available in COMSOL Materials library). Moreover, they are all as a function of temperature.
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Figure 12

Model geometry and boundaries for the lightning waveform C simulation

All measurements are in millimeters. It is also important to note that the figure is true to scale so
the NLTE region of 0.1 mm attached to both the cathode and anode is small to be accurately
represented (see Fig 2 for a better NLTE illustration).

Table 3

Boundary conditions for the 400 a waveform c lightning arc simulation.
ab

bd

de

ef

dg
(14)

𝑇
𝑇
𝑇
𝑇
= 300 𝐾 = 300 𝐾 = 300 𝐾 = 300 𝐾
Velocity & pressure
𝑢=0
𝑃𝐴
= 𝑃0
𝑣=0
Electrical current
𝐉∙𝐧
𝐧∙𝐉
𝑉=𝟎
𝑉=𝟎
and potential
= −𝐽𝑖𝑛
=0
Magnetic vector
𝐧∙𝐀
𝐧∙𝐀
potential
=0
=0
Temperature
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bh
(15)
𝑢=0
𝑣=0

𝐧∙𝐀
=0

af
𝜕𝐪
=0
𝜕𝑟
𝜕(𝑢, 𝑣, 𝑃)
𝜕𝑟
=0
𝜕(𝐉, 𝑉)
=0
𝜕𝑟
𝜕𝐀
=0
𝜕𝑟

Results and discussion
The model of the air electric arc on a copper anode gives different results from those of the
previous 200 A argon models. This is an expected observation since the air and argon behave
differently when a plasma is formed. The electric current is twice as big. In addition, the geometry
of the cathode is over 3 times that of the free burning argon arc model. The temperature resulted
from this simulation is summarized in the contour plot of Fig. 13. It shows that the temperature at
the plasma region reaches a value of approximately 33500 K at near cathode region, while at the
anode, the temperature is 1700 K. the anode is still water-cooled to 300 K so the heat is quickly
dissipated into the surface. The copper, in this case, melts due to the thinner anode area and the
higher current of 400 A. The velocity of the flow, however, reaches a value of 1020 m/s, which
means that the center of the electric arc, the Mach number is around 0.33. The flow pressure on
the anode surface is around 3500 Pa, and the force resulted is insignificant, only 0.0045 N if we
integrate the pressure over the overall surface area of the anode.
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Temperature contour of the lightning strike current of waveform C.
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Figure 14

Heat flux and current density prediction at the anode surface area.
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The current density and heat flux resulted here peaked to values of 6×107 A/m2 and 4×108
W/m2, respectively (see Fig. 14). A similar heat flux value has been reported in the simulation
done by Lago et al. [48].
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Figure 15

Heat flux comparison between anodes made of copper, 2024-T4 aluminum, and 304
stainless-steel.
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Figure 16

Heat flux comparison between anodes made of copper, stainless-steel, and 2024-T4
aluminum.

Different material properties result in different heat flux and current density profiles
absorbed in the anode. The results in Figs. 15 and 16 summarize the resulted heat flux and current
density of each material. The copper and 2024-T4 aluminum anodes absorb the highest amount of
heat, while the steel gives lower results because the electrical conductivity used in the modeling
gets smaller with the rise of temperature
The electrical conductivity of aluminum was chosen to be constant due to the lack of
available temperature-dependent electrical conductivity measurements in the literature. After all,
we still predict the different behavior of the materials to the electric arc produced by the lightning
strike. The other material properties of aluminum are temperature dependent.
The study of the inter-electrode distance (i.e. arc gap), it is performed on distances from 1
mm to 10 mm, for a water-cooled copper anode. The predicted results are shown in Figs. 17 and
18. It shows that for a 1mm arc gap, the temperature value peaks to 23400 K. and the velocity of
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the flow is about 178m/s. The 3 mm gives the highest velocity of around 1150 m/s and a
temperature of 33500 K. For the 5, 7, and 10 mm models, the flow velocity drops to around 800
m/s and temperature stay in the range of 27000-29000 K. The heat flux and current densities are
also sensitive to the inter-electrode distance (see Figs. 17 and 18). The longer the gap the lower
the electric current density and heat flux values predicted at the anode surface. The value of the
current density and heat flux peaks to a value of 1×108 A/m2 and 5.6×108 W/m2, respectively.
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Figure 17

Current density comparison of the 400 A lightning strike for different interelectrode distances.
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Figure 18

Heat flux comparison of the 400 A lightning strike for different inter-electrode
distances.

The lowest predicted current density is 3.25×107 A/m2 for the inter-electrode distance of
10 mm. Using the same inter-electrode distance gives a heat flux value of 2.05×108 W/m2 at the
anode surface. The material properties of copper have been studied in this part.
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Figure 19

Arc expansion measured 0.5 mm above the anode surface for a Temperature value
of 10000 K.

As we can see in Fig. 19 that the arc expansion when measured for a temperature of
10000 K, at around 0.5 mm above the anode, the arc expansion starts converging at interelectrode distances above 3 mm.
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MODELING OF THE LIGHTNING ARC OF WAVEFORM C, PART II: CFRP COMPOSITE
PANEL
Model setup
The lightning strike of waveform C simulation on the CFRP composite material anode
has been first studied on a single layer of a thickness 5 mm with the cathode region included, the
results are reported in Fig. 20.

Figure 20

Temperature contour of the lightning strike of waveform C when the ground is
defined at both the horizontal and lower edges of the CFRP panel of a single layer.
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It is seen here that the electric arc strike away from the cathode spot and goes all the way
to the edge of the anode, 40 mm away. The reason for this is that in the material properties of the
CFRP composite, the electrical conductivity is significantly small in the through-the-thickness
direction. So, it is easier for the arc to pass directly to the edge in which the ground boundary
condition is extended. It may be noticed here that the geometry of the domain is twice as wide
from the previously used one, that is because we tried to make the electric ground as far as possible
to solve this problem, but 40 mm was not enough.
To successfully study the lightning strike on a CFRP panel with multiple layers, few
simplifications have been made to the model in order to reduce the computational cost. The cathode
region is excluded, and a fixed 3500 K boundary condition is added instead. A new boundary for
the electrical current density of 20 mm length HC (see Fig. 21). The current density is taken from
the simulation of the copper anode and measured along the same horizontal line attached to the tip
of the cathode. The profile is line fitted, and a Gaussian approximation is used to replicate the
current to the new CFRP model.
The anode is made of 20 layers, each with a thickness of 0.2 mm, giving a total of 4 mm
anode thickness. The material properties of the CFRP are taken from Ref. [1]. Again, they are as
a function of temperature. The layered anode material is a cross-ply CFRP composite laminate.
The ground boundary condition has been removed from the sides of the material to avoid any arc
discharge directly to the ground. The simplifications made the model generally more optimized
and relatively fast with a calculation time of around nine hours. The boundary condition for the
simplified CFRP model is illustrated in Table 4 is the inlet current, which is interpolated from the
previous simulation of the copper material.
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Figure 21

Model geometry for the CFRP lightning simulation.

All measurements are in millimeters. The NLTE region is only at the anode surface and it is very
small since the figure is true to scale. The layered materials are shown in the horizontal
rectangles of a thickness of 0.2 mm.

Boundary conditions for the 400 a waveform c lightning arc simulation on cfrp
composite panel.
AC

u
P
T
J

𝑃𝐴 = 𝑃0
300 𝐾

AH
0
3500 𝐾

CD
𝑃𝐴 = 𝑃0
300𝐾
𝒏∙𝑱
=0

DG

HC

(14)
𝐽 = 𝐽𝑖𝑛

V
A

𝒏∙𝑨
=0

𝒏∙𝑨 = 0
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𝒏∙𝑨=0

HF

𝜕(𝐮, 𝑃, 𝑇, 𝐉, 𝑉, 𝐀)
=0
𝜕𝑟

Table 4

DE

EF

300 𝐾
𝒏∙𝑱
=0

300 𝐾

𝑉=
0V

Results and discussion
The resulted plasma temperature is slightly higher than the one from the copper anode.
However, due to the higher resistivity of the CFRP composite material, the Joule heating rose the
temperature inside the panel to around 8.45×104 K (see Fig. 22). This temperature rise is what
causes the charring effect of the lightning continuous current strike. The temperature of the plasma
does not have a significant impact on the heating of the CFRP anode as the heat flux measurements
illustrate it at the anode (Fig. 23). The same thing can also be observed if we perform the simulation
with the Joule heat source at the CFRP anode material is disabled. The contour of Fig. 22 shows
that in the case of the Joule heating disabled, the temperature rises due to the heat flux to a value
of around 8600 K.

42

With Joule heating

Without Joule heating

Figure 22

Temperature contour results for CFRP model with and without the Joule heating
heat source, at time t = 0.1 s.
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Figure 23

Time evolution of the predicted heat flux at the surface of a CFRP panel anode.

7
t
t
t
t

Current density (10 7 A/m2)

6

= 1E-5 s
= 5E-5 s
= 0.001 s
= 0.1 s

5
4
3
2
1
0
0

2

4

6

8

10

12

14

16

18

20

Anode radial distance (mm)

Figure 24

Time evolution of the predicted current density at the same anode surface.
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The results show that the 300 K imposed water-cooling boundary of the anode here, is not
very effective at dissipating the heat due to the relatively low thermal conductivity of the CFRP,
especially in the through-the-thickness direction.
The temperature of the composite material, due to the Joule heating, gets way above the 3300 K
threshold the material properties are defined at. In a practical lightning test, this temperature rise
will cause material evaporation. Typically, the upper layer of the composite will go first, being
replaced by a mixture of ionized plasma materials with the carbon molecules and other polymer
compositions. The resulting material evaporation will generally limit the temperature below 3000
K at the surface of the anode. Wang and Zhupanska [1] developed a 3D model that takes into
account the material evaporation due to high plasma temperature of a lightning strike on the
composite material. This model can be beneficial to model material removal. Combined with the
modeling of the introduced material vapor into the plasma will give a very good representation of
the lightning phenomena effects on the low thermally and electrically conductive materials.
The time evolution of the anode heat flux and current density in Figs. 23 and 24 shows that the
electrical current density starts with a peak value of around 6.5×107 A/m2 at t = 1×10-5 s at the
same moment the heat flux is at the highest value of around 2.7×108 W/m2 the heat flux and current
density values drop with time value of 1.5×107 A/m2 and 7.5×107 W/m2, respectively.
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Tmax (Plasma) = 2.95 104 K

Tmax (Plasma) = 2.92 104 K

Tmax (CFRP) = 2.18 104 K

Tmax (CFRP) = 3.02 104 K

Time = 1 10-5 s

Time = 5 10-5 s

Tmax (Plasma) = 2.98 104 K

Tmax (Plasma) = 3.39 104 K

Tmax (CFRP) = 1.66 104 K

Tmax (CFRP) = 1.69 104 K

Time = 1 10-4 s

Time = 1 10-3 s

Tmax (Plasma) = 3.37 104 K

Tmax (Plasma) = 3.37 104 K

Tmax (CFRP) = 8.45 104 K

Tmax (CFRP) = 2.44 104 K

Time = 5 10-3 s

Figure 25

Time = 1 10-1 s

Predicted time evolution of the temperature contour on both the plasma and CFRP
composite materials during a lightning strike of waveform C.
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The material starts heating at a small region directly below the arc (see Fig. 25). The
temperature of the material starts with a value of 30000 K at t = 1×10-5; the same value was given
in Ref. [49] As it has been mentioned, that at this temperature, CFRP materials will start producing
vapor into the plasma. The temperature in this study is mostly generated by the Joule heating of
electric current, as it has been presented by Muñoz et al. [50]. Since the conductive heat flux
depicted in Fig. 23 is not significant enough to get such high-temperature values to the composite.
The surface of the composite stays relatively colder than the layers below. Because of the imposed
boundary heat sources of the plasma at the anode surface. Still, the temperature gets high enough
to cause significant damage to the material.
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CONCLUSION
Our proposed COMSOL FE plasma model of the electric arc discharge has been validated
through comparisons of the electric current density, heat flux, and plasma temperature with the
existing experimental data and other numerical results for a 200 A constant current argon plasma
benchmark problem.
The validated model was employed to investigate the effects of different inter-electrode
distance (i.e., from 1 to 10 mm) and different anode materials (i.e., copper, 304 stainless steel, and
2024-T4 aluminum) on the heat flux and current density. In addition to that, the arc expansion has
been studied for a fixed temperature value of 10000 K and 0.5 mm above the anode surface. It was
found that the heat flux at the anode generally decreases as the arc gap increases. The material
properties of the air give us different arc behavior (i.e., higher velocity and thinner arc radius). The
impact of such material differences is revealed from the prediction of the current density at the
anode surface. Unlike the current density, the heat flux perdition did not get much higher than
Nestor’s prediction for the argon plasma. The reason is the heat flux is mainly related to the
conductivity and temperature of the plasma, whereas the current density is highly sensitive to the
radius of the arc (the smaller the radius, the higher the current density perdition at the anode). The
laminar flow gives a good prediction of the arc behavior (i.e., velocity and temperature) at the
plasma domain; heat flux and current density at the anode for the 200 A argon plasma. However,
for the air, the velocity exceeds the 300 m/s point, thus the turbulent flow is the desirable option
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to model the 400 A air plasma produced by the lightning current of waveform C. Unfortunately,
the turbulent modeling demands a more significant computational resource that was not available
during the process of the modeling in this project.
The CFRP composite modeling showed that the heat flux and current density predictions
are different from those of copper, and aluminum. Both the heat flux and current density are
predicted to be lower for the CFRP composite anode when compared to those for the metallic ones.
Furthermore, the temperature of the plasma does not have a significant impact on the CFRP
composite when compared to the Joule heating that is produced during the conduction of the
lightning current through the material. The model is useful for the prediction of current density,
heat flux, and temperature evolution for a CFRP panel. However, without proper numerical
treatment of material evaporation and deletion, the temperature goes to values beyond the material
evaporation border.
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TABLE OF THE VARIABLES AND CONSTANTS USED IN THE SIMULATION
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Table 5

Appendix A List of variables and constants used in the numerical modeling of the
electric arc.

Symbol

Quantity

Value

Values and Units in SI a

B
r
ε0
εa
εc

Stefan Boltzmann
Relative permeability

5.6704×10-8
1

kg/s³/K⁴
1

Anode emissivity
Cathode emissivity

0.4 (Copper)
0.5 (Tungsten)

1
1

A

Magnetic vector potential

Ar
B
Cp
E
e
H
I
J
KB

Richardson constant
magnetic flux density
Specific heat capacity
Electric field
Elementary charge
magnetic field strength
Identity matrix
Current density
Boltzmann constant
Normal vector to the crosssectional surfaces
Electric potential
Anode work function
Cathode work function
Effective work function
Atmospheric pressure
Absolute pressure
Radial direction of the
cylindrical coordinates
Temperature
Time
Velocity field
Dynamic viscosity
Axial distance of the
cylindrical coordinates
Electrical conductivity
Ratio of specific heat
Density
Electric charge

n
V
øa
øc
øe
P0
PA
r
T
t
u
µ
z
σ
γ
ρ
ρv

Wb/m
1.2×106

1.6022×10-19

1.3806485×10-23

A/m²/K²
T
J/kg/K
V/m
C
A/m
1
A/m2
m2·kg/s2/K
1

4.65 (Copper)
4.5 (Tungsten)
2.63 (Tungsten)
1.0133×105

V
V
V
V
kg. m/(s2)
kg. m/(s2)
m
K
s
m/s
kg/m. s
m
S/m

1.66 (argon) 1.4 (air)
Kg/m3
C/m3

Wb = weber, V = volt, s = second, S = Siemens, T = tesla, m = meter, A = ampere, J = joule, kg
= kilogram, H = henry, K = Kelvin.
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